Due to the intrinsic connection between the mechanical properties of carbon nanotubes and their long-ranged interactions, an accurate description for both covalent and van der Waals forces is desired in nanomechanical studies. A tight-binding treatment offers an accurate description for the covalent bonding but fails to account for the long-ranged attractions and for the energy variations of graphite layers under relative shift. Combining the most reliable experimental data on graphite (equilibrium interlayer spacing, Z -axis compressibility, and the interlayer shear-mode frequency), tight-binding is extended to model the interlayer interactions of graphitic structures.
Introduction
Because of their outstanding mechanical properties, carbon nanotubes (CNTs) have attracted a great deal of practical interest, especially as reinforcements in ceramics and polymers [1] or as possible components for nanomechanical resonators [2] . While individual CNT mechanical properties are well studied [3] [4] [5] [6] , more work is needed to understand their collective behaviour.
There is a direct connection between the individual CNT mechanical properties and their long-ranged interactions. As a consequence of the high axial stiffness, CNTs possess a macroscopic persistent length, much greater than for any polymer molecule [7] . They can be efficiently glued together through the weak van der Waals (vdW) interactions, which build up over the extended contacts. As a result, experiments find CNTs organized in ropes [8] , rings [9] , and cables [10] .
Typical atomistic modelling of carbon systems assumes short-ranged interaction potentials. While this is a reasonable assumption in many situations, the long-ranged forces need to be added in order to describe interacting CNTs. Since such nanomechanical studies would involve a substantial number of atoms, the less-demanding classical treatment [11] of the covalent bonding is usually amended [12, 13] and used [14] . However, there are several reasons to favour a tight-binding (TB) treatment for the chemical bonding. Firstly, due to the strong connection between the individual CNTs properties and their long-ranged interactions, there is a need for an accurate description of CNT's mechanical properties. It is known that classical potentials often do not yield reasonable results. For instance, the bond-order potential of Brenner [11] yields elastic moduli that deviate significantly from the TB [3] or density functional theory (DFT) [4] data. Secondly, since the electronic subsystem is treated explicitly, the characteristic corrugation between nanotubes, originating primarily from the overlap of short-ranged exponentially-decaying orbitals [13] , can be realistically described. The widely used classical treatment of Girifalco et al [12] does not properly capture [13] this important effect, although it offers an overall good energetic description of binding beyond the covalent range. Finally, an additional motivation is the renewed interest in TB modelling for larger symmetric 1D systems using the recently proposed objective molecular dynamics scheme [15] . Using symmetry arguments, this method heavily reduces the computational effort by reducing the number of atoms to be accounted for.
CNTs are conformal mappings of a graphite layer onto the surface of a cylinder with nanometre-size diameter. Although less is known experimentally about the longranged interactions of CNTs, the cohesion of graphitic layers spaced 3.35Å apart is well studied [16] [17] [18] . A direct consequence of corrugation is the favourable ABA stacking, shown schematically in figure 1(a) . Half of the atoms in one layer have neighbours directly above and below themselves, while the other half have the open centre of a hexagon directly above and below. A weak interlayer cohesive energy in the 43-52 meV/atom range was measured experimentally [16] , which contrasts with the superior intralayer cohesion of 8.1 eV/atom [19] . Next, the in-plane motion of every other layer along one of the C-C bond directions, towards the AAA stacking shown in figure 1(b) , represents a normal vibrational mode labelled with the Mullikan symbol E 2g (1) . A Raman-active mode, this interlayer shear motion has an accurately measured frequency [17] of 42 cm −1 . While ABA stacking is experimentally observed, the AAA arrangement, where all atoms have neighbours directly above and below, was not detected. Information about this state is obtained via DFT calculations [13, 20] that indicated a 15 meV/atom energy penalty over the ABA. This value should be adopted with care due to the known problems of DFT in the local density approximation (LDA) to describe the vdW interactions. Finally, the vertical motion of the layer is well characterized experimentally [18] by the Z -axis compressibility of 2.74 × 10 −12 cm 2 dyn −1 .
As reviewed on a number of occasions [3] , an accurate individual CNT modelling is achieved with the nonorthogonal DFT-based TB approach of Porezag [19] . However, the long-ranged vdW binding is not described. The aim of this work is to extend this model for the interlayer interactions of CNTs. This is a challenging task due to the lack of reliable experimental data on graphite's exfoliation and AAA stacking energies. Existing models [13, [21] [22] [23] ] rely on firstprinciples computations on graphite or naphthalene molecules. Our parameterization has the advantage that it is anchored in the most reliable experimental data on graphite and it is intended for mechanical properties and molecular dynamics (MD) studies.
Extending the tight-binding model
Fundamentally, vdW attraction is the result of the electrostatic interactions of mutually-induced dipoles in atoms situated at relatively large distances r . The effect is non-zero in the second-order perturbation theory and it leads to a negative shift in the potential energy ∼1/r 6 if the unperturbed system is in the ground state.
We have extended the TB energy of the system (E TB ) by including an attractive dispersion term (E D ). The adopted view is that the vdW interaction is a sum of contributing parts from the atomic constituents. Thus, the dispersion energy was taken as a modified pairwise addition of the form
Here C 6 represents the dispersion coefficient and indexes i and j run over the nuclei. f damp (r i j ) is the Tang-Toennis function [24] , which has the role of damping the vdW term in the covalent low r range. It writes:
with α as an adjustable parameter. Concerning the repulsive part, its origin is purely quantum mechanical. When the orbitals are brought in contact there is a strong repulsion due to Pauli's exclusion principle. As a TB approach accounts for the electronic states in a quantum mechanical way, there is no need to augment the total energy with a phenomenological repulsive term. For the hexagonal network of a CNT characterized by a nearly sp 2 bonding [25] , the surface-normal p orbitals are expected to play the most important role.
To verify these ideas, we performed total energy calculations on bulk graphite. Periodic boundary conditions were imposed over a rhombohedral supercell containing two 8-atom hexagonal layers placed in the ABA stacking. A number of 370 Monkhourst-Pack points were used to achieve an energy convergence of ±0.1 meV. As previously obtained [21] , our computations showed that the TB model of Porezag [19] accounts qualitatively for the repulsion of the layer at short distances. However, at the 3.35Å equilibrium distance there is practically no interlayer interaction. This can be seen in the inset of figure 2-left, which plots the interlayer cohesive energy as a function of the interlayer separation around the equilibrium distance. Clearly, this situation needed to be rectified if we were to use the dispersion form (1), having positive slope at a finite r . (The underestimate in the repulsive energy at large distances is not surprising since the TB model is based on DFT calculations using compressed atomic orbitals [19] .)
To overcome this limitation, the augmenting of the repulsive interaction is needed, specifically between the p z orbitals belonging to different layers. This can be done simply by rescaling the internuclear distance r in the interlayer hopping matrix elements such that the the orbitals at distance r see each other closer, at a distance γ r . Since we want a model transferable in the curved geometry of the nanotubes, the scaling was performed on all interlayer hopping matrix elements. Notably, this procedure does not affect the intralayer covalent bonding. A sharp increase in interlayer cohesive energy for γ = 0.905 is visible in the inset of figure 2-left.
The new total energy description contains only three free parameters: the scaling parameter γ , the dispersion constant C 6 , and the damping function parameter α. We fitted them to reproduce the following experimental data: (i) Z 0 = 3.35Å, the ABA equilibrium interlayer spacing.
Formally, the minimization condition for the total energy (measured per atom) writes
where E TB corresponds to the original TB model.
−12 cm 2 dyn −1 , the Z -axis compressibility. It writes
A 0 = 2.62Å 2 is the area per atom in graphene.
(iii) f E2g(1) = 1.26 THz, the E 2g (1) interlayer shear mode. It is evaluated via the frozen phonon method [26] as
where m is the mass of a C atom. Direction X for the interlayer sliding around the ABA stacking is along one of the C-C bond directions (figure 1).
In practice, the above derivatives were evaluated numerically via finite approximations. To account for the symmetry changes under interlayer sliding, E TB was sampled with a uniform population of 675 k-points. Equations (3)- (5) were solved simultaneously based on an iterative conjugate gradient scheme.
The obtained parameters are entered in table 1. Using them we found that the new interlayer cohesive energy (figure 2-left) has a minima at Z 0 = 3.35Å, while the interlayer mode E 2g (1) and Z -axis compressibility are reproduced with great precision. The interlayer cohesive energy for the ABA stacking is 49.7 meV/atom, which is within the experimental range [16] and in agreement with the 48 meV/atom value of Kolomogrov and Crespi [13] . Figure 2 -right displays the resulting potential energy surface when the graphite sheets are displaced relative to each other at constant Z 0 . Our model renders the AAA stacking as a saddle point. Similar scans at larger Z found that 
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We have applied the above model to examine the variations in the relative alignment of CNTs. Calculations were performed on supercells containing three translational CNT cells. Pairs of (5, 5) , (10, 10) , (12, 12) , and (20, 20) tubes were considered. For a convergence of 0.1 meVÅ −1 , a uniform mesh with 28 k-points was needed.
For an aligned CNT pair, we kept one tube fixed while the other was axially translated by Y , rotated by around its own axis, all at different distances Z between tubes. Such rotational energy landscapes are in general quite complex [23] , but for these highly regular cases, the main features can be related to the ones found in graphite (figure 2). Most importantly, to achieve an optimal binding, the CNT pair needs to be in an AB-like arrangement along their contact lines. At this optimal alignment, labelled ab, figure 3 -left plots the intertube energy 1 versus Z for selected interacting CNT pairs. Calculations consistently revealed that smaller diameter CNTs are situated closer together, but are less bounded than larger ones. This trend can be next followed in table 2, which reports Table 2 . Maximum ab and minimum aa interaction energies and corresponding wall-to-wall distances for aligned CNT pairs. E aa − E ab defines the corrugation. the equilibrium distances and optimal binding energies for all computed CNTs. An example of a highly regular ( -Y ) energy landscape is shown in figure 3-right for a (10, 10) (10, 10) CNT combination situated at the optimal wall-to-wall distance of 3.09Å.
This landscape has a 36 • rotational and 2.45Å translational symmetry. The resemblance with figure 2-right is evident and the minimum binding (labelled aa) corresponds to an AA-like stacking of graphite layers. In the ab state we measured a shear modulus of only 1.05 GPa. The corrugation against rotation (E aa − E ab ) of 15.68 meVÅ −1 is in excellent agreement with the 16.6 meVÅ −1 value obtained by Kwon and Tomanek [22] and it is comparable with the 27.1 meVÅ −1 value of Szabados et al [23] .
For a comparison we have computed the (10, 10) (10, 10) pair with Girifalco's model. We obtained an intertube maximum cohesive energy of 1.83 eV nm −1 . At this point it is interesting to consider the implications of a full classical approach in comparison with the extended TB model. Consider for instance the case of CNT rings [9] with smallest observed bending radius of R bend = 0.03 μm. The ring configuration is stable because the bending energy penalty U bend = 0.5k(1/R bend ) 2 is compensated by the vdW attraction. The bending stiffness k of a single-walled CNT of radius R and in-plane stiffness C is [7] k = πC R 3 . For a (10, 10) CNT, the TB model gives [3] C = 423 J m −2 . Taking R = 0.7 nm then k = 455 × 10 −18 J nm. Next, from the balance of the resulting U bend of 1.58 eV nm −1 and the computed vdW attraction of 2.21 eV nm −1 , we conjuncture that the observed rings can be formed from (10, 10) CNT of 661 nm in length, with an overlap portion of 472 nm. On the other hand, a substantially different estimate is obtained from the widely used combination of classical C-C bonding [11] (leading to C = 236 J m −2 , k = 254 × 10 −18 J nm, and U bend = 0.88 eV nm −1 ) and Girifalco's vdW treatment [12] . It follows that the smallest observed rings can be formed from CNTs of at least 365 nm in length with an overlap portion of 174 nm.
In table 2 we have entered also the minimum interaction energies E aa at the aa saddle point positions and the corresponding optimal Z aa wall-to-wall separations. There is practically no Z change when rotating a CNT pair from an energetically preferred situation to a frustrated state, while the energetic barriers against rotations (E aa − E ab ), entered in the fourth column of table 2, appear less than 20 meVÅ −1 .
The calculations presented in table 2 were performed at zero-temperature (T ). To get insight on the influence of room temperature (T ), we have performed MD simulations at T = 300 K using a pair of aligned (5, 5) CNTs placed in the ab orientation and near the equilibrium separation of 3.02Å. The two CNTs stayed bound together and after a 1 ps equilibration run we have found that the vdW adhesion energy was contained within the E aa and E bb values (table 2) . This result can be understood if one recalls the strong C-C covalent binding and the 'very high' in-plane Debye T of graphite (∼2500 K). Thus, room T appears as 'very low' and the noted vdW energy variations can be attributed to the small changes in orbital alignment (the repulsive energy).
The energetic vdW preference is enlarged by associating tubes into bundles. We have studied a seven tube bundle packed into a hexagonal shape. By using a (12, 12) CNT, all aligned contacts can be placed at the optimal ab orientation. We found that at the optimal wall-to-wall distance of 3.12Å there is a maximum cohesive binding of 2.8 eVÅ −1 , which is 0.7 eVÅ −1 less than in [23] .
Finally, we have investigated the corrugation against sliding and rotation in the well studied [13, 21] (5, 5)/(10, 10) nested CNTs. The wall-to-wall distance is 3.39Å. Evidently, this geometry favours the vdW binding and we obtained a cohesive energy of 1.07 eVÅ −1 , about six times more substantial than the optimal side-by-side vdW binding for the same pair. As can be seen in figure 4 (inset), there is practically no resistance against sliding. We have calculated a shear modulus of 0.62 GPa and a shear mode frequency of only 57 MHz. We also measured a 9.7 meVÅ −1 barrier against rotation, which is encountered each 18
• . Quantitatively, this value agrees well with the DFT computed [13] 7.75 meVÅ −1 . Notably, in spite of the larger contact area, the nested tube corrugation is smaller than when placed side-by-side (table 2) . Such a reduction caused by the difference in radii between nested CNTs is again in agreement with earlier results [13, 21] . In summary, we have extended the accurate description of C-C covalent bonding offered by nonorthogonal TB [19] to include the long-ranged vdW interactions. Our parametrization does not rely on the cohesive energy of graphite, which is poorly known experimentally or by DFT. Instead it uses quantities that involve spatial derivatives of the total energy and are well known experimentally. Thus, it is expected to offer a high predictive accuracy in describing the mechanics of interacting CNTs. From the examined CNT cases, we found that our interlayer energy predictions best agree with the ones from a model fitted to DFT-computed data of corrugation against sliding in graphite [13] .
